Exercises

Taylor Approximation

Exercise 1. Compute the following Taylor polynomials.

(a) Compute T,,;(x) (ie. the second (n = 2) Taylor Polynomial in the point
xo = 1) for the function f(x) = In(x).

(b) For f(x) = sin(x) compute Ty o(x), To0(x), T30(x), and T4 o(x).

(c) Compute Tz, Tsp, Tso for f(x) = 4x* — 3x3 +x* — 10x + 42.

(d) Compute T, for the function f(x) = x - e*.

Exercise 2. Recall that the error of the Taylor approximation is given by

f(n—H) (E) ]

If(x) — Tn,xo (x)] = ’Rn,xo(x) &)l = m(x — Xo)

for some & between x and X,.

(a) Consider the function f(x) = cos(x).

(i) Compute the Taylor polynomial of third order in xy = 7t (i.e. T3 z(x)) of
f.

(i) Find an estimate for the error of the approximation of f with T; ;(x) for
x € [0, 27, i.e. show that there is some ¢ € R such that
|R3,T[(X) E»)| S c
for all x € [0, 271].
Hint: Use that | cos(§&)| < 1.

(b) Consider the function g(x) = .

1—x

(i) Compute the Taylor polynomial of second order in xo = 4 (i.e. To4(x))
of g.

(i) Find an estimate for the error of the approximation of g with T, 4(x) for
x € [3,5], i.e. show that there is some ¢ € R such that

Raa(x, E)l < ¢

for all x € [0, 271].
Hint: Use that if x € [3,5] then & € [3,5].
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Exercise 3. Consider the function f(x) = /1 + x.
(a) Compute T; o(x) and the remainder R; (X, &).

(b) Use the fact f(x) = T o(x) + Ry o(x, &) to prove that the following inequality

holds for all x > O: N
\/1 +x < 1 ‘|‘z



